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Abstract
We describe several techniques for the calculation of multi-loop integrals and their application to heavy
quark current correlators. As new results, we present the four-loop correction to the second and third physi-
cal moments in the low-energy expansions of vector, axial-vector and scalar quark current correlators. Using
the Ward identity, we obtain the third and fourth moments for the pseudo-scalar correlator. We briefly dis-
cuss the impact of these results on the determination of the charm quark mass and the strong coupling
constant using lattice simulations for the current correlators and of the charm- and bottom-quark mass from
experimental data for σ(e+e− → hadrons).
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1. Introduction
One of the phenomenologically most interesting applications of heavy quark current correla-
tors is the determination of fundamental parameters of QCD via sum rules. Low-energy moments
of the vector correlator can be compared to weighted integrals over the experimentally measured
R-ratio, R(s) = σ(e+e− → hadrons)/σ (e+e− → μ+μ−), to determine values for the charm-
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2 A. Maier et al. / Nuclear Physics B 824 (2010) 1–18and bottom-quark masses [1–4]. Recently “data” from lattice simulations have been used in-
stead of experimental results and indeed this method has become a competitive way of extracting
the charm-quark mass and the strong coupling constant [5]. Although the correlators of all four
(axial-vector, vector, scalar and pseudo-scalar) currents can be used in the lattice method, the
most accurate predictions presented in [5] were based on the pseudo-scalar correlator.
In order to obtain precise values for the quark masses, it is mandatory to calculate higher
order QCD corrections. To match the experimental precision this means calculations in four-loop
approximation have to be performed. Improvements in both computer power and the techniques
of multi-loop calculations have lead to significant progress in recent years.
After the second moment at order α3s of the vector current became available it was possible to
construct a Padé approximant of the vacuum polarization function [6]. This also leads to a pre-
diction for the higher moments. With the explicit calculation of the third moment this prediction
can be checked and it becomes possible to further improve the Padé approximation [7].
The three-loop, i.e. O(α2s ), corrections were evaluated more than ten years ago in [8–10]
for vector, axial-vector, scalar and pseudo-scalar currents in the low-energy expansion up to
(q2)8. This calculation has employed the reduction method proposed in [11]. Recently, a different
approach based on the combination of the Laporta algorithm [12] with differential equations [13–
15] was used to calculate these corrections for terms up to (q2)30 [16,17].
At four-loop order, for the vector correlator the first physical moment proportional to (q2)1
was obtained in [18,19]. The second moment of this correlator was presented in [20], where,
aside from the Laporta algorithm, also techniques based on SBases and special treatment of
internal self-energies were used for checks. These methods will be explained in detail in the
paper at hand. Using the method mentioned in the previous paragraph, the thirty lowest moments
of the double-fermionic corrections at O(α3s n2f ) were determined in [21]. The part proportional
to O(αns n(n−1)l ) is even known to all orders in perturbation theory [22].
For the pseudo-scalar correlator, the first moment and second moment at O(α3s ) are given in
[23], together with the first moment of the axial-vector and the scalar correlator.
In this work, we present the calculation of the second and third moments of the vector, axial-
vector and scalar correlators and the third and fourth moments of the pseudo-scalar correlator. In
Section 2 we define our notation and explain the methods used in the calculation. In Section 3
we present a newly developed method for the efficient treatment of diagrams containing self-
energy insertions. Section 4 contains the results for the various currents and an update of the
determination of charm- and bottom-quark masses from experimental data and αs from lattice
calculations is given in Section 5. We conclude in Section 6.
2. Methods
The polarization functions are defined by
(−q2gμν + qμqν)Πδ(q2)+ qμqνΠδL(q2)= i
∫
dx eiqx〈0|Tjδμ(x)jδν (0)|0〉
(1)for δ = v, a,
(2)q2Πδ(q2)= i
∫
dx eiqx〈0|Tjδ(x)jδ(0)|0〉 for δ = s,p,
with the currents
(3)jv = ψ¯γμψ, ja = ψ¯γμγ5ψ, js = ψ¯ψ, jp = iψ¯γ5ψ.μ μ
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C(3),δn + · · · .
The decomposition of the four-loop contribution C(3),δn according to the number of internal quark
loops and its color structure leads to






)+ CFTFnh(CAC(3),δhNA,n + CFC(3),δhA,n).
Here CF = N
2
C−1
2NC and CA = NC are the Casimir operators of the fundamental and adjoint
representation of the SU(NC) group, respectively. TF = 12 is the index of the fundamental repre-
sentation. nh and nl denote the number of heavy and light quarks, respectively. C(3),δ
n0f ,n
contains
the purely bosonic contributions, where we set the number of colors NC = 3 for simplicity.
As described in [4] the theoretically computed moments Cn can be combined with measure-
ments of the cross section of e+e− → hadrons to determine the masses of charm and bottom
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The calculation of the theoretical moments Cn proceeds as follows: The diagrams are gener-
ated using qgraf [24]. In total there are 701 four-loop diagrams of the propagator type. Some
of these diagrams are singlet diagrams, i.e. diagrams with massless cuts, and are not considered
in this work. Subsequently the diagrams are expanded in the external momentum q2 and mapped
to six topologies of vacuum integrals. This is done using q2e and exp [25] in combination with
4 A. Maier et al. / Nuclear Physics B 824 (2010) 1–18MATAD [26] written in FORM [27]. This procedure leads to integrals with a maximum of 12 ad-
ditional powers of propagators and 8 irreducible scalar products. The large number of integrals
obtained in this step can be reduced to a small set of master integrals solving a large system of lin-
ear equations generated by integration-by-parts (IBP) identities [28]. This reduction is achieved
using Laporta’s algorithm [12] implemented in CRUSHER [29]. This standard method can be
assisted by a special treatment of integrals containing self-energies, which is described in detail
in Section 3. It has to be noted that this aforementioned reduction comprises the most difficult
part of the calculation. The master integrals have been calculated in [30–38]. After performing
the renormalization of the quark masses and the strong coupling constant in the MS scheme the
results given in Section 4 are obtained.
3. Reduction technique for integrals with internal self-energies
3.1. Algorithm
The required CPU time for the reduction of Feynman integrals of a given topology to master
integrals using Laporta’s algorithm strongly depends on the powers of the propagators and scalar
products. For a fixed depth of a Taylor expansion in an external momentum of a Feynman am-
plitude the maximal number of propagator powers will appear on those integrals which contain
the maximal number of self-energy insertions. In the case of 4-loop tadpoles we have at most
3 self-energy subgraphs which lead to a sum of propagator powers raised by 2 compared to the
generic case without self-energies. Such integrals are thus particularly difficult for Laporta’s al-
gorithm. On the other hand the presence of self-energy insertions can be exploited to perform the
reduction to master integrals in two less expensive steps, first, the reduction of the self-energy
subgraphs and, second, the reduction of the remaining integral. In the second step integration-
by-parts relations are constructed in which the self-energy master integrals are treated as objects
depending only on their external momentum q . In the following the procedure is illustrated for














2) = (q2 −m20)−a0 is the connecting propagator with mass m0. All masses are assumed to
be either zero or m. Sμ1...μn(q,m) is expressed in terms of a complete set of Lorentz structures{Πpμ1...μn} of rank n consisting of the momentum q and the metric gμν , and the (scalar) self-


















The coefficients cpz (d, q2,m) are rational functions of the space–time dimension d , the momen-
























A. Maier et al. / Nuclear Physics B 824 (2010) 1–18 5Fig. 1. The figure above shows an example of Eq. (17) for a four-loop tadpole. Note that on the right hand side besides
massless (dashed) lines and lines with mass m (solid) also a line with mass 2m (double line) appears which is not present
in the initial integral. The next step would be to repeat the procedure for the two-loop self-energy.






From the structure of the IBP identities we know, that the q2 dependence of the denominators of
the coefficients cpz (d, q2,m) factorizes into propagator-like objects Pk(q2,m) = (q2 − k2m2)−1,
























where Pm0(q2) was written as Pk(q2,m) with m0 = km. By convention we choose rk  0 for
k = 0 so that the decomposition (15) is unique. After applying these transformations the integral



































































ρp denotes the set of propagator powers of the rest graph. That means the initial integral T is
expressed as a linear combination of integrals of the type T kz (ρp, rk,m) in which the self-energy
insertions appear only as master integrals and all cross talking momenta between the self-energy
and the rest graph are removed. Fig. 1 illustrates Eq. (18) for a four-loop vacuum diagram.
The next step is to construct integration-by-parts identities for the integrals T kz in which the
self-energy insertions are treated as objects depending only on their external momenta. The iden-
tities have the form
6 A. Maier et al. / Nuclear Physics B 824 (2010) 1–18Fig. 2. All four-loop tadpoles with self-energy insertions which appear in our calculation can be mapped to these seven
topologies. Dotted lines are massless and solid lines carry the mass m. The wavy propagator which connects the self-

















































































































where k is a loop momentum (i.e. either q or a loop momentum of Rp) and  is a loop momentum
or, if present, an external momentum. The notation μ[∂/∂kμ]IRp(q2,m) means that the deriva-
tive acts on the integrand of Rp(q2,m). This part and the contribution μ∂/∂kμP rkk (q2,m) are
treated like in traditional IBP. The difference is the treatment of ∂/∂kμSz(q2,m) in the case
k = q where the derivative acts on the self-energy. The derivative is explicitly performed and the
resulting integrals are reduced to the self-energy master integrals Sz. The coefficients appearing
in this reduction require partial fractioning in q2 again like in (15). Afterwards all terms in (19)
are expressed by T kz and the system of equations is solved by the Laporta algorithm.
In the case of four-loop tadpoles with a one-loop self-energy insertion the restgraph is a two-
loop self-energy. Therefore the procedure above is applied to the two-loop self-energy in a second
pass. The topologies which appear in our calculation are depicted in Fig. 2.
Let us add a few remarks at this point. The number of integers on which a topology T kz de-
pends is given by the number of propagators of the initial topology T minus the number of
propagators of the self-energy subgraphs and the cross talking scalar products. In the case of
four-loop tadpoles only one propagator power of initially ten (eight propagators and two irre-
ducible scalar products) survives this procedure. Therefore the combinatorics of the IBP system
for the T kz is much better behaved than for the initial topology. There is a price to pay for this
simplification, of course. The reduction of subgraphs and the partial fractioning of propagators
which carry the same momentum but different masses leads to a system of IBP relations which
couples different topologies. Reducing a single propagator power from a self-energy can produce
two powers on an external leg, therefore in the worst case the total number of propagator pow-
ers might be doubled. If the rest graph is sufficiently simple these issues are easy to deal with.
Furthermore, the tensor reduction of large powers of cross-talking scalar products will produce
huge intermediate expressions and many terms in Eq. (17). These expressions simplify to the full
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was implemented in a Mathematica program.
3.2. Implementation in FIRE
Additionally to the stand-alone implementation mentioned above, for one-loop self-energy
insertions the procedure was also realized with the help of the FIRE algorithm [39].
Instead of the tensor reduction (12) the so-called region-bases feature of FIRE is used. The
tensor structure arises from scalar products of loop-momenta between the self-energy and the rest
graph. The SBases program [40] can construct a basis of recursion relations to reduce the power
of these cross-talking scalar products to zero without caring about the rest of the integral. Such
a basis is called a region-basis. In the second step the scalar self-energy integrals are reduced
to master integrals. This can either be done by a region-basis, or with the help of precalculated
reduction tables in combination with the Rules feature of FIRE.
In the case of one-loop self-energies with one mass (either massive–massive or massive–
massless) two master integrals appear, the massive tadpole and the self-energy with both propa-
gator powers equal to one. Integrals which contain the tadpole are treated like usual integrals with
one loop less than the initial integral, because the tadpole factorizes from the rest of the integral.
The treatment of integrals with the self-energy master insertion is a bit more complicated. One
has to introduce a new object in Feynman diagrams. We call this a heavy dot which can be either
present (integral has a self-energy master insertion), or not (integral has a tadpole insertion) and
is therefore represented by an index which is either zero or one.
−→ and
Note that we also have to introduce additional lines which carry masses depending on the self-
energy type. The massive–massive self-energy needs a massless and a double-massive line, the
massive–massless self-energy needs a massless and a usual massive line that is external with
respect to the self-energy (one of these is naturally present in the initial diagram). These lines
are needed to absorb the momentum dependence of the coefficients from the reduction of the
self-energies to master integrals. The partial fractioning of these two lines is done by a recursion
relation which is added to the region basis. The IPBs for the remaining integrals are constructed
as in Eq. (19) where the creation or destruction of a heavy dot is done by a shift operator for the
corresponding index, just like for usual propagators. The reduction procedure aims on reducing
the heavy dot index to zero if possible. The FIRE program has a setting allowing to use the heavy
dots and can create SBases for integrals with heavy dots present. However, the IBP generator
coming with FIRE at the moment is not able to construct such IBP relation. As it has been
explained above, the procedure can be repeated if a second self-energy is present and one can
again consider a region-basis corresponding to the second self-energy subdiagram, insert rules
reducing it to masters and finally result in a problem with two heavy dots.
3.3. Top level reduction
Although the approach from above is not applicable to general Feynman integrals, in com-
bination with FIRE for the top level reduction it can be used for the calculation of arbitrary
8 A. Maier et al. / Nuclear Physics B 824 (2010) 1–18integrals. In the highest sectors the SBases are used to reduce the integrals until enough lines are
contracted so that only integrals with internal self-energies are left. From experience we know
that the SBases algorithm often fails in sectors where self-energy insertions are present. At this
point a program that implements the above procedure is plugged in with the rules framework of
FIRE to automatically finish the reduction. This way we do not need SBases for the lower sectors
for which in some cases we could not find a basis. In combination with the top level reduction
single integrals can be calculated if needed or for checks. However, at present this approach is
not suited for large scale calculations. The self-energy formalism itself is very efficient and can
be used to significantly reduce the effort to invest in Laporta algorithm.
4. Results
In this section we present the numerical values of all moments known at O(α3s ) for the dif-
ferent currents. The full analytical expressions of the new four-loop contributions can be found
in Appendix A. We present results up to the third moment for the scalar, vector and axial-vector
correlators. In the case of the pseudo-scalar current the n-th moment is related to the (n − 1)-th








This allows to obtain the fourth moment of the pseudo-scalar current. The numerical values are
obtained setting the renormalization scale μ = m and using the MS scheme for the renormaliza-
tion of the quark masses. We explicitly keep the dependence on the number of light quarks nl
and set the number of heavy quarks nh = 1. For completeness we give the numerical values for
all terms in the perturbative series in αs up to O(α3s ).
Cv1 = 1.06666 + 2.55473
αs
π











Cv2 = 0.45714 + 1.10955
αs
π











Cv3 = 0.27089 + 0.51939
αs
π











Ca1 = 0.53333 + 0.84609
αs
π
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Ca3 = 0.06772 − 0.01276
αs
π











Cs1 = 0.8 + 0.60246
αs
π











Cs2 = 0.22857 + 0.42582
αs
π











Cs3 = 0.10158 + 0.15355
αs
π













1 = 1.33333 + 3.11111
αs
π













2 = 0.53333 + 2.06419
αs
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3 = 0.30476 + 1.21171
αs
π













4 = 0.20317 + 0.71275
αs
π











We find full analytical and numerical agreement with all previously known results, which means
Cv from Refs. [18,19] and Cδ and Cp from Ref. [23].1 1 2
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Update of the results from Table II given in [5] for mc extracted using the pseudo-scalar correlator. The value of the fifth
moment was taken from Ref. [7].





In [6] the value of the third moment of the vector current has been predicted Cv3 = −3.279 ±
0.573,−1.457 ± 0.579 for nl = 3,4, respectively. The calculated values −2.839 and −1.174 are
within these error bound. They also lie well within the estimates of [4].
5. Applications
One of the main applications of the low-energy moments of the vacuum polarization function
is the determination of the charm- and bottom-quark masses using sum rules. As can be seen
from Eq. (9) the masses can be extracted from the experimental measurement of the R-ratio in
the threshold region of open charm or bottom production. This relation has been exploited in [4]
where only the first moment of the vector correlator was used. Recently, new data from the BaBar
collaboration was published for the region around the bb¯ threshold [41]. Since a full analysis of
this new data is beyond the scope of this paper, we only quote the results from [42], where
besides the new BaBar data also all moments presented in this work were included. It turns out
that our new results lead to a reduction of the theoretical uncertainty by about 6–10 MeV while
the mean values extracted using different moments get only shifted by about 2–4 MeV. The
values of the quark masses obtained from the different moments are in good agreement which
demonstrates the consistency of the method. The final values for the charm and bottom quark
read
(21)mc(3 GeV) = 0.986(13) GeV,
(22)mb(mb) = 4.163(16) GeV.
In the case of the charm quark the experimental data can be replaced by lattice “data”, i.e.
data obtained from the calculation of appropriate correlators on the lattice. This has recently
been done by the HPQCD collaboration in Ref. [5]. They found that in practice the pseudo-
scalar correlator is best suited for these calculations, but also the other currents can be used with
less accuracy. In Table 1 we give an update of the results in [5] where our result for the third
moment of the pseudo-scalar correlator was already used prior to this publication. The values of
the charm-quark mass extracted using different moments are in very good agreement with each
other and the results from analyses using experimental data as input.
Lattice calculations can also be used to determine the value of the strong coupling constant
as explained in detail in [5]. Again the pseudo-scalar correlator is best suited and in Table 2 we
give an update of the numbers presented in [5]. The values from different moments are again
in very good agreement with each other and competitive with the world average for αs(MZ) =
0.1176(20).
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Update of the results for αs from Table II given in [5]. The values of αs are extracted using the indicated ratios of
moments. The value of the fifth moment was taken from Ref. [7].
Moment αs(3 GeV) (Ref. [5]) αs(3 GeV) αs(MZ)
1 0.252(6) 0.252(6) 0.1177(12)
2/3 0.249(6) 0.249(6) 0.1170(13)
3/4 0.224(31) 0.237(11) 0.1145(25)
4/5 0.241(30) 0.236(19) 0.1143(44)
6. Conclusion
We calculated the second and third low-energy moments of the heavy quark correlator for
vector, scalar and axial-vector currents and derived the fourth moment of the pseudo-scalar
correlator. To this end we discussed new methods based on SBases and reduction of internal
self-energies for the reduction of scalar integrals to masters. Furthermore we give an update of
the results for the quark masses and αs obtained in previous publications. The new results pre-
sented reduce the uncertainty on the quark masses by about 6–10 MeV while the central values
are only shifted by about 2–4 MeV. This demonstrates the validity of the method used for the
mass determination. Furthermore the new results can be used to improve the reconstruction of
Π(q2) over the whole energy range using Padé approximation.
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Appendix A. Analytical results
In this appendix we list the analytical results for the different currents where we used the
abbreviations


















The results are split according to the color structures defined in Eq. (6) and use the MS-scheme
for the renormalization of the quark masses.
The results of this calculation can be downloaded in computer readable form from http://www-
ttp.particle.uni-karlsruhe.de/Progdata/ttp09/ttp09-18/.



















































































c4 − 2640163858821128021593600 ζ4
− 164928917
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log3(2)ζ2 − 872277591216215 log(2)ζ4
− 1075951565336201
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+ 40203350213
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60361465477 − 1765 c4 + 86485ζ4 − 57669161ζ3,29393280000 31104 41472 17418240
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c4 + 195316174309123843635200 ζ4
− 1888ζ5 − 16019821402882223177ζ3,315 462551739826176000























































































































ζ4 + 29147971741346930404475 ζ5
− 6290348482816
930404475


































































c4 + 25692311767180633600 ζ4
+ 368
15



















c4 − 91412887701835108103000 ζ4
− 58401651592
6081075


























































c4 + 104705103687671857945600 ζ4
− 36245830807891ζ3,5780275200
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